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Abstract: In modern monolithic integrated circuits, substrate coupling is a major concern in
mixed-mode systems design. Verification of such systems implies the availability of accurate
and simulation-efficient substrate coupling models. Traditionally, for frequencies up to a few giga-
hertz, pure resistive models have been considered sufficient. However, with increasing frequencies
of operation, dynamic models become mandatory. The authors motivate the use of dynamic
resistive-capacitive (RC) models of substrate coupling as a natural extension to the standard
purely resistive models. They propose an extraction methodology that starts with information
about the process parameters and circuit’s contact layout, and leads to a contact-to-contact RC
element model. The underlying algorithm is based on a finite difference discretisation of the
substrate, leading to a large tridimensional mesh which is reduced by means of a fast multigrid
algorithm. Unlike standard model order reduction algorithms which can produce models of
similar accuracy to state-space descriptions, the proposed method leads to a realisable RC
model that can trivially be incorporated into circuit simulation tools. As a first approximation,
such a model is shown to correspond to a single time-constant system. Furthermore, it is shown
that this time constant can be computed from knowledge of the conductivity and permittivity of
a single dominant layer. It is verified that this formulation can accurately model substrate coupling
effects for frequencies up to several tens of gigahertz.
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1 Introduction

Substrate bulk behaviour in integrated circuits has long
ceased to be considered as a perfect insulator [1–3]. As
metal–oxide–semiconductor (MOS) transistor channel
widths decrease to the size of a few nanometres, digital
clock frequencies have been steadily increasing, so that
current injection into the substrate as a result of
fast-switching digital blocks becomes a great concern.
Along with technology miniaturisation, die area has
shrunk on behalf of package count and production yield
purposes. Consequently, different cells and blocks are
built closer to each other, in a way that facilitates injected
substrate currents to migrate among the substrate layers and
reach arbitrarily distant parts of the circuit [3–5]. This
issue has mostly been a source of concern in the context
of mixed-signal designs. Industry trends aimed at integrat-
ing higher levels of circuit functionality, resulting from an
emphasis on compactness in consumer electronic products,
and a widespread growth and interest in wireless communi-
cations, have triggered a proliferation of analogue–digital
systems. The design of such systems is an increasingly
difficult task owing to the various coupling problems that
result from the combined requirements for high-speed
digital and high-precision analogue components.
Analogue circuitry relies on accurate levels of currents

and voltages, so that analogue transistors are correctly
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iased and projected performance is met. When substrate
njected currents migrate through the substrate, substrate
oltages fluctuate, causing havoc in sensitive analogue
ransistors, possibly leading to malfunctioning circuitry
3, 4, 6, 7].
Analysing the effects of substrate coupling requires that a
odel of such couplings is generated and used in a verifica-

ion framework. Typically such a verification is done at the
lectrical level by means of a circuit simulator. An electric
oupling model is generated and fed to a circuit simulator
ogether with the remaining circuitry. Since potentially,
verything couples to everything else through the
ommon substrate, special care must be taken to make
ure that the model is accurate but will not unnecessarily
low down the verification step. A common simplification
s to assume that the major coupling mechanism is due to
he finite resistivity of the substrate and then derive a
esistive model. Such an approximation is considered
alid whenever the dielectric relaxation time of the layers
omposing the substrate leads to an insignificant suscep-
ance at the frequencies of interest. This approximation
ecomes questionable beyond a few gigahertz, specially
ince harmonics of significant amplitude, generated by
ircuit nonlinearities, may fall in the range of frequencies
here reactive effects are of importance.
A methodology is proposed for generating dynamic

esistive-capacitive (RC) models of substrate coupling.
nlike standard model order reduction algorithms which
an produce models of similar accuracy to state-space
escriptions, the proposed method leads to a realisable RC
odel that can trivially be incorporated into circuit simu-

ation tools. The methodology proposed for model extrac-
ion is detailed and the model is analysed in terms of its
alidity and accuracy. In Section 2, the mechanisms for sub-
trate coupling are briefly discussed and background work



in this area is reviewed. In Section 3, starting from
information about the process parameters and circuit’s
contact layout, a contact-to-contact RC element model is
derived. As a first approximation, such a model is shown
to correspond to a single time-constant system.
Furthermore, we show that this time-constant can be
computed from knowledge of the conductivity and permit-
tivity of a single dominant layer. In Section 4 the model’s
validity, accuracy and relevance is discussed through
some example simulations. To verify our model, we also
compare it to one obtained using standard model order
reduction techniques, and show it to be of similar accuracy.
Finally in Section 5 some conclusions are drawn.

2 Background

2.1 Substrate coupling mechanisms

Coupling through the substrate occurs, mainly, because of
substrate finite resistivity. Devices built into the same sub-
strate are consequently not perfectly isolated from each
other. Considering a typical substrate profile like the one
shown in Fig. 1, MOS transistors are based on channel for-
mation so substrate resistivity is not desired to be infinite.
Latch-up avoidance considerations also support a similar
argument. However, when a transistor is on, while current
flows through the corresponding channel, part of it is
injected into the substrate and is free to migrate to arbitrarily
distant substrate zones. At higher frequencies, when active
areas are charged and discharged, source-bulk and drain-
bulk parasitic capacitances show a low impedance and
current is directly injected into the substrate by these
active areas. In reality, recent studies have shown that,
because of package parasitics, noise at the supply lines
are the major contributors to substrate-coupled disturb-
ances, both at the digital and at the analogue ends [8].
Supply lines interact with the substrate mainly through the
substrate contacts of both the circuit core and the ring of
pads and inject currents into the substrate. The fact that
such currents are in a sense free to roam around the substrate
and may be captured wherever appropriate conditions are
met, makes the verification process much harder. While it
is true that most of the coupling may occur locally, designer
experience and good design practices lead to designs where
such local couplings are explicitly minimised. As a conse-
quence, the assumption of mostly local coupling is not
necessarily valid and unexpected long range couplings
may appear where least expected. As such, not only is it
mandatory that some kind of substrate model be used to
account for substrate couplings between different devices
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uilt on the same substrate, but that model must also
ccount for all or at least large portions of the substrate.

.2 Previous work

everal extraction methodologies were studied in the past
nd, based on them, several extracting tools were devel-
ped. The simplest modelling methodologies consist of
nding coupling elements based on heuristic rules. Such
ethods are very attractive since the extraction overhead

s minimal and they lead to simple first-order models
hich also have low simulation costs [4, 6, 7, 9, 10].
hese models are, however, generally very imprecise.
urthermore, heuristic models are only really useful to the
esigner, for they are unable to account for higher order
ffects and, in fact, rely on designer’s experience to prune
ut the expected relevant couplings [11]. Moreover, once
hat is accomplished they do not provide any form of veri-
cation as to whether the performed approximation enables
orrect circuit simulation.
On the other hand, methodologies that avoid a priori
euristic pruning and work at the electrical level directly
re typically based on a full description of the media and
ll the possible couplings. A problem that arises from
odel extraction in those cases is the extraction time and

he size of the final model. Coupling can occur from any
ubstrate contact to any other, so that a full interaction
atrix can be drawn from it. Several methods have been
roposed to generate such a model. Boundary element
ethods (BEM) are one of these families of methods. In
EM, only the surface of the substrate contacts is discre-
ised which leads to a system of equations that corresponds
o small but full matrices. Extraction of such models
equires intensive computations which restricts the range
f applicability of this method to small to medium sized cir-
uits [12–14]. Fortunately, significant progress in BEM
erformance has been achieved [15–17]. A different
amily of extraction methods is finite difference (FD) or
nite element methods (FEM). In these methods, the
hole 3D volume of the substrate is discretised leading to
arger but sparse matrices. The relative complexity of
ach type of methods is hard to predict as it depends on
he particular discretisation algorithm used. In a BEM, if
he substrate top surface is covered with Ns nodes, a fast
olver will require O(Ns logNs) operations to generate a
odel. For an FD method with a similar number of nodes
n the surface, the total number of unknowns is approxi-
ately Mv ¼ Ns

3/2 (assuming a cubic volume with a
imilar discretisation). In this case, fast solution techniques
ave a complexity of O(Mv) [17–23]. The number of
odes required by each method is however very
roblem-dependent. It is therefore also problem-dependent
hich method provides the better solution, computationally
ise.
In this work, a method for the extraction of RC models is
roposed and its usefulness and validity are assessed. As
entioned previously, RC models of substrate coupling
re less commonly used than purely resistive models.
otwithstanding, previous work has been published in this
eld that considers the needs for capacitive effects in
ubstrate coupling [18, 23–28]. In some of these works,
easonable assumptions about layout and substrate geome-
ries are made [25, 27]. In our work, we use FD and make
o geometrical approximations, accounting for accuracy.
C models are also partially used in some commercial
ools, typically in an heuristic way, but there is no systema-
ic assessment of their relevance. In [28], higher order RC
odels are proposed.
IET Circuits Devices Syst., Vol. 1, No. 3, June 2007



3 Substrate coupling dynamic model extraction

In this section, we propose an extraction methodology
leading to a circuit-level, dynamic, contact-based model
of the couplings through the substrate.

3.1 Finite difference tridimensional model

In order to derive a model of the substrate coupling, the sub-
strate is first assumed as a layered medium (recall Fig. 1). In
our extraction method we use an FD technique to discretise
the substrate volume, accounting for accuracy. This implies
a discretisation of the substrate volume into a large number
of small cuboid elements. It is known that FD discretisation
provides increasing accuracy as the discretisation spacing
tends to zero. An example of such a discretisation is
shown in Fig. 2a where the nodes of the 3D mesh are
visible. Clearly, in practice more elaborate meshing algor-
ithms should be used in order to place more grid nodes
near the regions of interest.
Starting from Maxwell’s equations and neglecting the

effect of magnetic fields, we use the identity
r(r � a) ¼ 0 and Ampére’s law in each cuboid element
(node), to write

rJ þ
@

@t
rD ¼ 0 (1)

where J is the current density and D is the electric displace-
ment. Equation (1) is the continuity equation and expresses
the conservation of electric charge. Recalling that J ¼ sE
and D ¼ 1E where s and 1 are the conductivity and the per-
mittivity of the medium, respectively, and E is the electric
field, (1) can also be written as

srE þ 1
@

@t
rE ¼ 0 (2)

As the substrate is spatially discretised, Equation (2) can be
solved with a simple box integration technique. Assuming
an homogeneous medium in each substrate layer, we
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Fig. 2 Finite difference method

a Substrate discretisation
b Substrate resistive-capacitive model
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onsider a cuboid whose centre is node i with neighbour
uboid whose centre is node j. If Eij denotes the electrical
eld normal to the cuboid side surface between nodes i
nd j, the FD approximation leads to

Eij ’
Vi � Vj

lij
(3)

here lij is the distance between adjacent nodes i and j, and

i and Vj are the scalar potentials at those nodes.
From the divergence theorem, we know thatð

Si

E dSi ¼

ð
Vi

rE dV i (4)

here V i is the volume of the ith cuboid and Si its surface.
ssuming that the electric field is constant in each surface
f the cuboid and its gradient is also constant in the
uboid’s volume, (4) becomes

X
j

EijSij ¼ rEV i , rE ¼
1

V i

X
j

EijSij (5)

here the summation is performed on cuboids that are
eighbours of cuboid i, and Sij is the common surface
etween cuboids i and j. This approximation is valid if the
iscretisation is accurate enough (virtual infinitesimal
uboids).
The above derivation assumed a common resistivity, that

s, a single layer. The extension to multiple layers is trivially
andled by making sure that the layer interface is filled with
uboids and by either appropriately averaging or weighting
he different layer resistivities in the computations for the
uboids at the interfaces. Replacing (3) and (5) into (2),
esults in

X
j

Gij(Vi � Vj)þ Cij

@Vi

@t
�
@Vj

@t

� �� �
¼ 0 (6)

here Gij ¼ sSij=lij and Cij ¼ 1Sij=lij. Equation (6) can
eadily be interpreted in terms of the electrical model
epicted in Fig. 2b. In fact, applying nodal analysis (NA)
o the 3D mesh model (6) leads to the following system
f equations

(sC þ G)V ¼ I (7)

here C and G are, respectively, the capacitance and con-
uctance matrices of the system, V is the voltage on all
odes of the discretisation mesh and I is the corresponding
njected currents. From (6), entries in G and C in (6), corre-
ponding to nodes residing in a given layer, can be approxi-
ated with the well-known formulas

Rij ¼ r
Sij

lij
¼

1

s

Sij

lij

Cij ¼ 1
Sij

lij
(8)

ere applied to each element in the model.
The size of the model in (7) is directly determined by the

hosen discretisation. For very fine discretisations the
odel in (7) could be very large indeed. On the other
and, one should note that this model is sparse, since
atrices C and G correspond to the 3D discretisation
tencil and have at most seven non-zero entries in each
ow or column.
Typical extraction methodologies note that the substrate

elaxation time is negligible for frequencies up to a few
223



gigahertz [20], and thus proceed to ignore the capacitive
portion of the model. In the following, we will retain the
full model from (6) and discuss its computation and rel-
evance. Note however that the basic assumptions made
during the above derivation, starting from (1), limit the
applicability of the modelling procedure to frequencies up
to tens of gigahertz. Beyond that, a full electromagnetic
model is required [27].

3.2 Circuit-level contact-based model extraction

Using the 3D mesh model from (6) in any electrical simu-
lator is prohibitive, as the number of circuit nodes is too
large. As such, a reduced model must be sought. A possible
solution to this problem is to apply standard model order
reduction (MOR) techniques to the problem and obtain a
reduced model [29–31]. For such methods, the size of the
resulting model is directly proportional to the product of
the approximation order by the number of ports (inputs
and outputs, or contacts in our case). This causes two poten-
tial problems. First, an appropriate reduction order must be
devised. Second, for systems with large numbers of con-
tacts, small increases in the approximation order lead to
large increases in model size and potentially to overly
large models. Furthermore, application of MOR techniques
leads to a mathematical model description, such as a
rational function representation. Not all simulators can effi-
ciently handle such descriptions directly, particularly if the
number of ports is large. Incorporating such a model in a
standard environment requires an additional realisation
step, whereby a circuit that has a similar time-domain
response is derived. Here we propose a constructive meth-
odology and seek to obtain a simple realisable RC model
directly, as depicted in Fig. 3 for a three-contact setup. In
the proposed strategy, model size is uniquely determined
by the number of substrate contacts and thus independent
from the chosen discretisation or any other parameter.
Furthermore, we note that this model is an obvious exten-
sion of the typical resistive models whereby a coupling
resistance is computed between pairs of contacts [22].
Here, that resistance is replaced with the parallel impedance
of a resistor and a capacitor. Assuming a model similar to
that of Fig. 3, but generalising to any number of contacts,
and using NA, the corresponding system of equations is
given by

Y c(s)U ¼ (sCc þ Gc)U ¼ J (9)

where Yc is the admittance of the contact’s system, Cc and
Gc are, respectively, the capacitive and resistive coupling
elements between contacts, and U and J are the vectors of
contact voltages and injected currents. This system is analo-
gous to (7) but much smaller, its size being determined by
the number of contacts and therefore independent of the
discretisation.
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Fig. 3 RC model for three-contact configuration F
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The phasor representation of (9) can be expressed as

(jvCc þ Gc)
�U ¼ �J (10)

here �U and �J are, respectively, the voltage and current
hasors.
If the imposed voltage in contact k is �U such that

k ¼ 1 � sin( jvtþ 0) and all other components are 0,
hen, in (10), �J will equal the kth column of Gcþ jvCc.
herefore given �U with the particular form chosen, deter-
ining the corresponding �J gives us one column of the
odel. Using appropriate vectors for �U , specifically
etting in turn each contact voltage to 1 V and the remainder
o 0 V, we can repeat this process as many times as the
umber of contacts so that the full admittance matrix

c ¼ Gcþ jvCc is formed, one column at a time. For each
hoice of �U , the result �J is a complex vector, whose real
art can directly be interpreted as a resistive term,
hereas the imaginary part, normalised by v, can be inter-
reted as a capacitive term. Therefore the desired realisable
C model can be directly and trivially inferred from the
omputations described. The cost of computing this
ontact model, Yc( jv), for a system of m contacts is thus
qual to m times the cost of determining �J given some �U .
ortunately this computation can be performed on the 3D
esh in a straightforward way. To simplify the description
nd without loss of generality, consider the three-contact
ystem depicted in Fig. 3 for which we want to compute
he admittance description, that is (10). The inputs to this
ystem are thus the voltages imposed at the contacts [U1,

2, U3]. In the extraction methodology proposed, after dis-
retisation, a system such as (7) is obtained. Setting a con-
act’s voltage to some value is equivalent to setting the
oltages of all nodes in the mesh that correspond to that
ontact to that value (recall that contacts have volume and
herefore each contact may correspond to several mesh
odes). In our case, this can be written as V ¼ M[U1, U2,

3]
T, with M [ Rn�3 being an appropriate contact inci-

ence matrix. Lines in M correspond to mesh nodes,
hereas columns correspond to contacts. Inspection of
olumn k of M reveals that Mpk ¼ 1 if node p is in
ontact k, 0 otherwise. Since NA is used, the inputs to (7)
hould be currents, applied to nodes adjacent to the
ontact nodes. The values of such currents can easily be
btained from the corresponding Norton equivalent circuits
een by those nodes. Fig. 4 depicts such a transformation
ssuming that node k is contained in one such contact and
ode p, one of its neighbours in the grid, is not a member
f any contact. The complete transformation can be
ritten as

I ¼ Y adj[U1, U2, U3]
T (11)

here I is the vector of injected currents on all nodes of the
D mesh, and Yadj [ Cn�3 is a matrix, combining the inci-
ence matrix M mentioned above, relating the sources
pplied to the contacts to the mesh nodes, and the Norton
quivalent admittances seen by the nodes in the mesh that
re adjacent to those contacts. Clearly, most of the lines

ig. 4 Norton equivalent for resistive-capacitive models
IET Circuits Devices Syst., Vol. 1, No. 3, June 2007
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of matrix Yadj are zero. Indeed, the only exceptions are
entries in the matrix occurring at lines corresponding to
the nodes adjacent to the contacts.
On the other hand, the output of the system is given by

the current on the contacts [J1, J2, J3]. Combining (7)
with (11), it is easy to see that these can be obtained as

J1
J2
J3

2
4

3
5 ¼ Y

T
adjV ¼ Y

T
adj(G þ jvC)�1

Y adj

U1

U2

U3

2
4

3
5 (12)

which exposes the admittance of our simplified two-contact
system. Obviously this derivation extends trivially to the
generic m contacts case leading to

J ¼ YT
adjV ¼ YT

adj(G þ jvC)�1Y adj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Y c(jv)

U (13)

where now J ¼ [J1, . . . , Jm] and U ¼ [U1, . . . , Um] and Yadj

would now take into account all contacts in the problem.
Equation (13) clearly exposes the desired admittance
contact model. From (13), given U, it is conceptually
trivial to obtain J for any given frequency, v. This pro-
cedure can then be used to compute J given a particular
U, in a constructive, column by column manner, as
described.
Two issues remain to be discussed. The first one relates to

the solution of (12) at a given frequency, which involves the
large, yet sparse G and C matrices. Fortunately this can be
performed very efficiently by means of a fast multigrid
algorithm with a cost of O(n) per solve, albeit here using
complex arithmetic. For details see [21, 22]. The second
issue relates to an appropriate choice of the frequency v
at which the solution is computed. This is a more insidious
issue, with implications at many levels. We will address this
issue in an heuristic manner in the following section. We
should point out, however, that there is a critical implicit
approximation being made in the procedure proposed.
While the computation of the model’s admittance matrix
has been performed at a given frequency, v, the model is
then assumed to be valid for all frequencies. That is, even
though we solve (7) for an appropriately chosen single v,
once we interpret the result as an RC network, the model
is equivalent to (9). An obvious consequence of this fact
is that the model will behave as a single time-constant
network, with a time-constant directly related to v. This is
of course an approximation that requires a good choice of
the time-constant. However, we have seen, and experiments
corroborate this idea, that there is indeed a dominant time-
constant in such a layered three-dimensional discretised
medium. We will attempt to provide further justification
for this conjecture in ensuing sections.
The full algorithm to perform dynamic substrate coupling

full-model extraction is presented in Algorithm 1. Not
surprisingly, this is the obvious extension of the standard pro-
cedure used nowadays to obtain resistivemodels [18, 21, 22].

Algorithm 1: Admittance model extraction algorithm

Given the technology layer information, determine an
appropriate frequency for the system formulation and
then, for every contact, k:

1. Put nodes on contact k at a predetermined voltage of 1 V;
2. Using Norton’s equivalent, obtain the currents injected
into adjacent nodes;
3. Solve the 3D system (7) obtaining all nodes voltages, V;
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. From V and the 3D model admittances, use Ohm’s law to
ompute the node injected currents, J;
. Use Gauss’ law and sum injected node currents to obtain
ontact injected currents, J;
. By (9) and as only nodes on contact k have a non-zero
oltage, the kth column of Gcþ Cc equals J.

.3 Heuristic determination of single
ime-constant model

o motivate our choice of the frequency v for which the
ystem equations are formulated, we start by looking into
simplified setting. Single layer substrates, although

erhaps, from an industry standpoint, interesting only for
ost reasons, have several characteristics which are useful
hen studying RC model properties. On a single layer
ilicon medium, generic elements in G and C satisfy,
espectively, the following relations

cij

gij
¼

1Sij=lij
sSij=lij

¼
1

s
; a (14)

nd thus

C ¼ aG (15)

hroughout. Therefore sCþG ¼ (asþ 1)G. It is also trivial
o see that in this case Yadj ¼ sYadjc

þ Yadjg
¼ (asþ 1)Yadjg

,
here Yadjc

and Yadjg
correspond to, respectively, the capaci-

ive and conductive parts of the Norton equivalent (see
ig. 4 for a depiction). Replacing in (13)

J ¼ YT
adj(G þ sC)�1Y adjU

¼ (asþ 1)YT
adjg

1

asþ 1
G

�1(asþ 1)Y adjg
U

¼ (asþ 1)YT
adjg

G
�1
Y adjg

U (16)

ecalling that computation of J above, with appropriate U,
roduces a column of Yc(s) ¼ sCcþGc, then two
onclusions immediately become evident. First, that
omputation of J using (16) can be performed by solving
real system of equations, instead of a complex one,

ollowed by multiplication by a complex number. Second,
hat the conductance contact coupling matrix, Gc, can be
btained column by column, as discussed previously, and

c is simply obtained by multiplying Gc by a, that is

Cc ¼ aGc (17)

herefore with a single solve in real arithmetic, the reduced
C model in (9) can be obtained for single layer substrate
rofiles (in fact, we need to perform as many solves as
he number of contacts, but that is the exact same cost of
enerating a resistive-only model). Furthermore, (17)
hows that the branch relation from the 3D model in (14)
arries over to the contact model. What is perhaps more
nteresting is that (16) also shows that the contact model
s a single time-constant model, a. Contrasting this fact
ith the methodology proposed previously, it becomes
bvious that for this particular setting, the approximate
odel computation proposed can be made exact with the
hoice v ¼ 1/a. Therefore for single layer isotropic sub-
trates, we have shown that the system behaves as a
ingle time-constant system and, furthermore, that the time-
onstant is given by s/1, the layer relaxation time or intrin-
ic time-constant.



For substrates with multiple layers, different ratios will be
obtained for (14), depending on the layer under consider-
ation. In this case, the derivation in (16) is still generically
valid, if a is interpreted as a matrix of size equal the number
of nodes on the 3D mesh, whose entries are dependent upon
the level in which each mesh node is located. However,
computational handling of a in this case is cumbersome
and does not provide much insight into the proper choice
of v.
As we will see in the following section, multiple-layer

substrates naturally show higher order behaviour, that is,
involving more dynamic content. Notwithstanding, its beha-
viour in the frequencies of interest, which range from DC to
a few dozen of gigahertz, is still ‘first order’, that is, domi-
nated by a single time-constant. As such we propose an
alternative heuristic approach by which an appropriate fre-
quency is chosen. For higher frequencies, more dynamic
features are exhibited, but for lower frequencies one can
see the effect of a dominant admittance ‘corner’ frequency
which is now determined by the properties of the top layer
where the contacts are contained, namely its conductivity,
s1. When the frequency of the signal is such that
v . s1/1, its intrinsic admittance starts to increase,
turning into a very low impedance path between contacts,
and eventually dominating the overall admittance. We
propose to use such value as the frequency v for which
the system (16) is solved, so that the single time-constant
model follows the corner of the admittance curve.
Therefore we can use the described first-order model for
multiple-layer technologies with satisfying accuracy.
There are several ways in each we can fit a first-order

model to the exact admittance behaviour between contacts,
and contacts and backplane. In fact, depending on what one
wants to minimise, several options are available. For
instance, we could match the asymptotic behaviour, by
matching the admittance characteristic both at DC and at
infinity, and perhaps allowing the model to be less accurate
in the medium cutoff frequencies. To obtain such a model
we could match the DC response by solving for the conduc-
tive part of the model, in essence getting the usual
resistive-only model. Then, to get a capacitive counterpart
for the model, one could perform a very similar system
solution, but this time considering all conductances as
being capacitances. This is equivalent to a solve for the
complete system for very high frequencies, at which the
conductive component of the admittance is neglectable
comparing to the capacitive part (i.e. the high-frequency
asymptotic behaviour). Such a model requires therefore
two solves in real arithmetic. In this method, the admittance
characteristic is matched both at DC and at infinity, but
may show a large error in the intermediate range of fre-
quencies, namely around the ‘first corner’, related to the
cutoff frequency of the top layer. Since we contend that
such frequency is related to the dominant time-constant
of the system, being inaccurate in this range is not such a
good idea.
An alternative method, which we call restrictive-

dynamic, is to first generate the resistive part of the
model, thus matching DC, and then generate the capacitive
part by simply scaling the conductance part, according to
the cutoff frequency of the top layer, as in the single-layer
case. As we shall see, this will produce a model that only
matches the first cutoff frequency with a first-order model.
Therefore the model will unavoidably show growing error
as more of the system dynamics come into play (i.e. after
the following cutoff frequencies, corresponding to the
other layers, become relevant). Still it will be, by construc-
tion, accurate in the low-frequency regime up to the range
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here capacitive effects start to come into play.
ortunately this is exactly the desired behaviour we seek
or our model.

.4 Model order reduction

different way of obtaining a circuit-level contact-based
odel is to apply model order reduction (MOR) techniques
irectly to the system in (7) resulting from the 3D discretisa-
ion and specifying the order of the reduced model to be
btained. This can be efficiently done with several known
ethods, for instance with PRIMA [31] which is a MOR
ethod based on block Arnoldi orthogonalisation [32].
he PRIMA procedure starts from the equations describing
he 3D formulation, namely

sCV þ GV ¼ Y adjU

J ¼ YT
adjV (18)

sing a block Arnoldi procedure, a basis for the Krylov sub-
pace involving C, G and Yadj can be constructed. If N is the
atrix whose columns span the Krylov subspace of order p,
hen a p-order reduced model can be computed in the fol-
owing way

(NT
CN)sV ¼ �(NT

GN)V þ N
T
Y adjU

J ¼ YT
adjNV

,

s ~CrV ¼ � ~GrV þ ~Y adjU

J ¼ ~Y
T

adjV (19)

he reduced model can thus be obtained as

J ¼ ~Y
T

adj(
~Gr þ s ~Cr)

�1 ~Y adjU (20)

hich bears an obvious resemblance to (13). An important
ifference, however, is that the model generated by MOR
echniques is the state-space representation given by (19)
hich may not be easy to include in a standard simulation
nvironment. To avoid this problem, one would have to
ealise an RC network whose equations would match (19).
hile this is not such a hard task, it may lead to a cumber-

ome network, with controlled sources connecting the
nternal states to the ports (because of ~Y adj realisation), a
ituation that can lead to unforeseen difficulties in the time-
omain simulation, resulting from scaling problems and
symmetries.

.5 Computational complexity

hen discussing the computational cost of modelling sub-
trate coupling, we must distinguish between two different
asks: the model generation and the model evaluation.
odel generation is the task of creating the model, either
sing the approach proposed, standard model order
eduction algorithms, or any other appropriate technique.
odel evaluation refers to the cost of direct model evalu-
tion, for computing the model outputs given its inputs,
ither in the frequency domain (for instance to generate a
ode plot) or in the time domain. The complexity of
odel evaluation is also sometimes discussed when
eferring to the added cost of using a substrate model
uring verification, usually in a circuit simulation context.
able 1 summarises the computational cost of both model
eneration and evaluation in terms of the relevant
arameters.
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For most algorithms that we discussed, including the pro-
posed algorithm, model generation requires multiple solves
with the original system. For the single time-constant model
proposed, exactly one matrix solve per contact is needed to
compute the model. This is exactly the same cost incurred
by computing a first-order model using an algorithm such
as PRIMA. Therefore in terms of computational cost, both
techniques are equivalent. Higher-order PRIMA models
can be computed but the model generation cost will increase
accordingly. Furthermore, the size of the model will also
increase which will impact model evaluation. Since large
matrices are involved in these computations, the cost of
model generation is usually fairly high. Still this situation
is tacitly accepted since it is recognised that this cost can
later be amortised if the model is to be reused many times.
For model evaluation, the cost is a function of the size and

sparsity of the model. The full 3D model, albeit being very
large, is quite sparse and the cost of its evaluation can be esti-

mated as O(ns), a low polynomial in n, the number of nodes

in the 3D grid (e.g. n1.5 when using standard Cholesky).
Direct analysis of (13) indicates that the size of the model
generated by the proposed approach is the number of con-
tacts. Furthermore, as Fig. 3 indicates, the model is full, indi-
cating that there is a network element between every pair of
terminals. A similar situation is seen if a first-order PRIMA
model is used. Evaluation of the model requires manipu-
lation of a full m � m matrix, which implies cubic cost.
Therefore simulation either in the frequency domain at a
given frequency or in the time domain at a given timepoint
is cubic in the model size (higher-order models generated
with PRIMA will have proportionally higher size).
It is known that the cost of circuit simulation is usually

superlinear in the number of equations. This is in fact the
reason why the full 3D model is never used, as the number
of volume nodes in the substrate could easily overwhelm
the total number of circuit unknowns and dominate the
total cost. For our single time-constant model, addition of
the substrate model adds as many new nodes as contacts in
the model. This implies that simulation of a circuit with the
substrate model will be more expensive. Not only can the
number of nodes almost double, by adding a contact per
device, as the substrate model, being a dense model, will
greatly increase the total cost. This situation also happens
when generating a model with PRIMA, as the model will
also be full and of size proportional to the number of
inputs. A penalty of one order of magnitude or more has
been reported in this case. To avoid this problem sometimes
heuristic techniques are used in order to prune the number of
elements in the model, thus reducing the model size. In either
case, the cost of model evaluation is cubic in m, the number
of substrate contacts (typically m � n).
When considering substrate coupling, one must be clearly

aware that the cost of verification could greatly increase.
Still, the added accuracy is definitely worth the trouble for
sensitive or leading designs.
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Table 1: Computational complexity of model
generation and evaluation in terms of the number of
contacts, m, model order, q, and number of FD
discretisation nodes, n

Model generation Model evaluation

Full (3D) - O(ns)

PRIMA O(qmns) O(qm3)

Resistive-dynamic O(mns) O(m3)

s is a small constant depending on the technique used
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Substrate coupling dynamic model validation

n this section, we analyse some characteristics of the single
ime-constant model and validate its applicability. In
ection 4.1, we start by estimating the range of frequencies
or which dynamic models become necessary. Then in
ection 4.2 we validate the proposed model by comparing
t to the original unreduced system from Fig. 2b. We
eason from the 3D model to show that the proposed
odel, as a first approximation, corresponds to a single

ime-constant system. Furthermore, we show that this time-
onstant can be computed from knowledge of the conduc-
ivity and permittivity of a single dominant layer. Finally
n Section 4.3, we show, through a simple simulation
xample, the accuracy of the proposed model.

.1 Relevance of dynamic model component

n order to evaluate the importance of capacitive coupling
hrough the substrate we can look at, for instance, the 3D
odel of Fig. 2b) or, equivalently, at (16). Considering
ny branch in the circuit representing the discretisation,
ynamic effects will become relevant when the susceptance
f the capacitor becomes comparable to the conductance of
he parallel resistor. Clearly this depends upon the frequen-
ies of operation given that for low frequencies the suscep-
ance is negligible. Assuming that the capacitive part
ecomes relevant when the susceptance reaches for instance
0% of the conductance, we have

vC ij � 0:1Gij , v1
Sij

lij
� 0:1s

Sij

lij
, v � 0:1

s

1
(21)

Applying this result to a technology of a single-layer sub-
trate with r ¼ 15 Vcm and 1r ¼ 11.9 (cf. Fig. 5), the pre-
ious equation leads to v ¼ 6.327 grad/s , f ’ 1 GHz.
his confirms the usual assumption about the validity of
esistive models for frequencies up to a few gigahertz,
epending on the technology.
In single-layer substrates the contact model must, as was

hown in the previous section, confirm the previous result.
able 2 lists values extracted using the method proposed
or a simple configuration such as shown in Fig. 6. In this
xperiment, a discretisation of 257 � 129 � 257 cuts in x,
and z, respectively, was used.
Taking, for instance, the values of R12 and C12 of Table 2,

nd assuming the same error factor of 10%, we have

vC12 � 0:1G12 , v � 6:327 grad=s , f ’ 1GHz (22)

ig. 5 Typical substrate doping profiles (sizes in mm)

elative permittivity of the medium is 1r ¼ 11.9
High resistivity substrate
Low resistivity substrate with high resistivity epitaxial layer
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This result, at the contact level and using extracted data,
is compatible with the result at the 3D model mesh level, as
expected. It serves as additional validation for the extracted
model values. Clearly, for frequencies upward of a few
gigahertz, a purely resistive model will be inaccurate as it
will not take into account the increase in admittance
because of the susceptance term. The above result should
in fact be obvious in light of the derivation in Section 3.3
where it was proved that, for single-layer substrates, the
basic relation that exists between the capacitive and conduc-
tive terms in all branches of the 3D model carries over
exactly to the contact model.
Interestingly enough, however, very similar results are

obtained for technologies with two-layer substrates, as we
shall see in the following.

4.2 RC model accuracy

As seen in the previous section, for frequencies greater than
a few gigahertz, it becomes necessary to use dynamic coup-
ling models. The model proposed attempts to fulfill that
need but it is necessary to verify its accuracy and
limitations.
Several experiments have been elaborated using typical

substrate doping profiles, like those presented in Fig. 5.
The contact layout used in these experiments is shown in
Fig. 6. Properties of the system (13), like pole and zero
location, pole residues, Bode plots and so on, were studied.
We have already seen in Section 3.3 that in single-layer

isotropic substrates the system has a single admittance
zero. This is because of the 3D system having all poles
and zeros clustered around a specific frequency, corre-
sponding to the single intrinsic time-constant of the layer,
given by s/1. In multiple layer substrates, each layer pos-
sesses a different intrinsic time-constant. However, it turns
out that a very similar behaviour still occurs. For higher fre-
quencies, more dynamic features are exhibited, but for
lower frequencies one can see the effect of a dominant
admittance ‘corner’ frequency which is now determined
by the properties of the top layer where the contacts are
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Fig. 6 Contact layout used in the experiments (units in mm)

Contacts have a depth of 2 mm

Table 2: Resistance and capacitance values for dynamic
model for a three-contact configuration on a single-layer
substrate

Contact 1 Contact 2 Resistance, kV Capacitance

1 backplane 13.26 1.192 fF

1 2 180.7 87.47 aF
228
ontained. As suggested in Section 3.3, when the frequency
f operation is such that v . sepi/1, the intrinsic admit-
ance of the top layer, yij

(top) ¼ gij
(top)

þ jvcij
(top), starts to

ncrease, turning into a very low impedance path between
ontacts, and eventually dominating the overall admittance.
n our experiments, the resistive-dynamic reduced model
arameters were obtained by solving (7) once for v ¼ 0,
n order to obtain Gc with high accuracy, and then setting

c ¼ 1/sepiGc, corresponding to the intrinsic cutoff fre-
uency of the top layer.
As expected, for the single-layer profile both methods
roduce the same model which is quite accurate (see
able 3 where the maximum relative error of entry ij of

ig. 7 Magnitude and phase Bode diagram of admittance
etween contact and backplane for 3D transfer function and pro-
osed models for substrate profile from Fig. 5b

Magnitude of admittance between one contact and the backplane
Phase of admittance between one contact and the backplane

able 3: Maximum relative error for dynamic model for
two-contact configuration on a single-layer substrate

Resistive-dynamic

rr(Y11) 1.964 � 1027

rr(Y12) 4.429 � 1027

rror for entry ij of model Y is defined with respect to the full 3D
odel, Y3D, as err(Yij) ¼ maxfjYij2 Yij

3D
j/jY ij

3D
jg
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model Y, defined against the full 3D model, Y3D, as
err(Yij) ¼ maxfjYij2 Yij

3D
j/jYij

3D
jg, is presented). In the two-

layer case, the lower layer shows a resistivity lower than the
top layer, and as the contacts are immersed in the top layer,
it is that one which dictates the cutoff frequency. For the
asymptotic model described in Section 3.3, two solves
were performed, one for v ¼ 0 to obtain Gc, and another
for v ! 1 to obtain Cc, which means neglecting the real
components of the 3D elements and solving the resulting
system.
In Figs. 7 and 8, we show the magnitude and phase Bode

plots obtained with the full 3D model and the proposed
resistive-dynamic reduced model for the admittances

Fig. 8 Magnitude and phase Bode diagram of admittance
between contacts for 3D transfer function and proposed models
for substrate profile from Fig. 5b

a Magnitude of admittance between contacts
b Phase of admittance between contacts

Table 4: Maximum relative error for dynamic model for
a two-contact configuration on a two-layer substrate,
varying the distance between contacts

d Resistive-dynamic

err(Y11) err(Y12)

98 5.895 � 1026 9.203 � 1026

8 3.065 � 1026 7.257 � 1026

2 1.781 � 1026 2.796 � 1026
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able 5: Maximum relative error for dynamic model for
two-contact configuration on a two-layer substrate,
arying the size of the contacts

Resistive-dynamic

err(Y11) err(Y12)

.2 3.915 � 1026 5.730 � 1026

5.895 � 1026 9.203 � 1026

0 9.801 � 1026 1.484 � 1025

able 6: Maximum relative error for dynamic model for
two-contact configuration on a two-layer substrate,
arying the depth of the epitaxial layer

Resistive-dynamic

err(Y11) err(Y12)

5.682 � 1025 7.480 � 1025

1 5.895 � 1026 9.203 � 1026

0 1.155 � 1026 2.956 � 1027

ig. 9 Magnitude Bode diagram of 3D transfer function and pro-
osed models for substrate profile from Fig. 5b with D ¼ 4 mm

Admittance between one contact and the backplane
Admittance between contacts
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between one contact and the backplane, and between two
contacts. Both in magnitude and in phase the approxi-
mations are indistinguishable, which shows that the pro-
posed model has very good accuracy throughout the
frequency range of interest, accurately capturing the
dynamics around the dominant pole/zero until around a
hundred of gigahertz. Furthermore, the plot also shows
quite effectively the limits of using both a purely resistive
model for substrate coupling, as well as using the asympto-
tic model. In fact, the asymptotic model shows low error for
v ¼ 0 and v ! 1 but is unable to accurately model the
admittance behaviour in the relevant frequencies.
We have repeated the above experiments with a variety of

contact configurations by changing the contacts distance,
contact sizes and epi-layer depth. The corresponding
results are presented in Tables 4, 5 and 6 and show the
maximum relative error in the frequency range from DC
to 1012 rad/s ’ 159 GHz. As can be seen from the tables,
the single time-constant model can accurately model the
behaviour of the impedance between both contacts (Y12),
and between the contacts and the backplane (Y11). The
resistive-dynamic model shows a low error even in the
case of D ¼ 4 mm, where the distance between contacts is
much larger that the depth of the epitaxial layer (cf. Fig. 9
for the corresponding magnitude Bode plots; we have
omitted the phase plots because of space constraints and
since they added little to the discussion). This happens
because in typical substrate profiles with two layers the res-
istivity of the bulk is always much lower than the resistivity
of the epitaxial layer. Consequently, the time-constant
inherent to the bulk manifests itself several orders of mag-
nitude after the cutoff frequency of the epitaxial layer.

4.3 Resistive-capacitive model simulation

In order to assert the importance of dynamic substrate
models in circuit simulation, a simple experimental con-
figuration was designed (cf. Fig. 10). Three complementary
MOS (CMOS) inverters connected to one another were laid

o
t
s
s
e

Fig. 10 Simulation circuit and layout

a Test circuit
b Contact layout

F

F

a
b
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ut next to an ‘analogue’ transistor. The three CMOS inver-
ers are meant to inject noise into the substrate which will be
ensed by the n-type MOS (NMOS) transistor, m7. A sub-
trate coupling model between all contacts has been
xtracted. In the simulation phase, the chain of inverters

ig. 11 Sensor’s bulk node

ig. 12 Sensor’s drain voltage fluctuation

Drain voltage of sensor
Detail of drain voltage of sensor
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was driven by a 1 GHz non-ideal square-wave, with rise and
fall times of around 1 ps, and the noise injected through the
NMOS channel areas of the inverters was coupled to the
sensitive m7 bulk. The sensor transistor has been biased
such that its drain voltage is constant and around 0.5 V in
perfect isolation conditions. Figs. 11 and 12 show the wave-
forms of the voltages in the bulk and drain of the sensing
transistor, respectively, in three different situations: when
using no substrate coupling model, when using purely resis-
tive coupling models and when using the proposed RC
coupling model. For validation of the results obtained
with the proposed model, we are also showing the results
obtained when using a PRIMA-generated model (since
using the full 3D mesh would be computationally too
expensive).
These are however indistinguishable from the proposed

model results. As it can clearly be seen in the figures, the
injection of noise into the substrate by the inverters makes
substrate voltage fluctuate and, thus, through the body
effect of m7, its drain voltage also fluctuates. The results
obtained with the dynamic models (our proposed RC
model and the PRIMA model) show significantly more
dynamics during the transients than those obtained with
the straightforward resistive-only model, including strong
coupling spikes that may cause undesired behaviour.
Clearly the difference from resistive to RC models is that
resistive models do not account for substrate intrinsic
capacitance properties, which at higher frequencies
enhance coupling effects. Therefore the dynamic models
are able to show more accurately the effects of substrate
coupling. Resistive models are therefore unable to predict
correct functioning of the ‘analogue’ transistor.

5 Conclusions

A methodology for the extraction of realisable dynamic RC
substrate coupling models that naturally extends the tra-
ditional resistive-only modelling techniques has been pre-
sented. Reduced models obtained for a formulation based
on an FD discretisation were computed using a fast multi-
grid algorithm and are shown to offer high accuracy for a
large spectrum of frequencies. The model produced is a
fairly accurate first-order approximation, as checked by
comparison with another model of similar accuracy com-
puted with standard MOR techniques. It has been exper-
imentally verified by simulation that the full 3D mesh
substrate model presents an admittance characteristic
which shows a dominant zero at s1/1 where s1 is the con-
ductivity of the top layer where the contacts are immersed,
and 1 is the permittivity of the medium. The proposed
dynamic model is computed at such a frequency in order
to minimise transfer function and numerical errors.
Extensive experiments and simulations of a simple
example circuit performed using the proposed model
demonstrate both its relevance and its accuracy for
frequencies up to several tens of gigahertz.
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