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Goodideasare basedonpastexperience.
— G. Polya,Howto SolveIt.

Abstract

Thechoiceof an appropriateproblem-solvingmethod,from
availablemethods,is acrucialskill for expertsin many areas.
We describea techniquefor the automaticselectionamong
methods,which is basedon a statisticalanalysisof theirpast
performances.

Weformalizethestatisticalprobleminvolvedin selecting
anefficientproblem-solvingmethod,deriveasolutionto this
problem,and describea method-selectionalgorithm. The
algorithm not only choosesamongavailable methods,but
alsodecideswhento abandonthechosenmethod,if it proves
to taketoo muchtime. We give empiricalresultson theuse
of this techniquein selectingamongsearchenginesin the
PRODIGY planningsystem.

1 Intr oduction
Thechoiceof anappropriateproblem-solvingmethodis one
of themainthemesof Polya’s famousbookHowto SolveIt
(Polya1957).Polyashowedthattheselectionof aneffective
approachto a problemis a crucial skill for a mathemati-
cian. Psychologistshave accumulatedmuchevidencethat
confirmsPolya’spioneeringinsight: theperformanceof ex-
pertsdependsontheirability to choosetheright approachto
a problem(Newell andSimon1972).

Thepurposeof our researchis to automatethe selection
of aproblem-solvingmethod.This researchis motivatedby
work on thePRODIGY planningsystem,which includessev-
eralsearchengines(VelosoandStone1995).First,weneed
to provideamechanismfor decidingwhich search engineis
appropriatefor agivenproblem.Second,sinceprogramsin
the real world cannotrun forever, we needsomemeansto
decidewhento interruptanunsuccessfulsearch.

Researchershave long realizedthe importanceof auto-
maticevaluationandselectionof searchalgorithms,andde-
velopedtechniquesfor variousspecialcasesof thisproblem.
In particular, Horvitz describeda framework for evaluating
algorithmsbasedon trade-offs betweencomputationcost
andsolutionquality, andusedthis framework in automatic
selectionof a sortingalgorithm(Horvitz 1988). Breeseand
Horvitz designeda decision-theoreticalgorithmthatevalu-
atesdifferentmethodsof belief-networkinferenceandse-
lectstheoptimalmethod(BreeseandHorvitz 1990). Hans-
sonandMayer (1989),andRussell(1990)appliedrelated
evaluationandselectiontechniquesto theproblemof choos-
ing promisingbranchesof thesearchspace.
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Russell,Subramanian,andParrformalizedageneralprob-
lem of selectingamongalternative problem-solvingmeth-
odsanduseddynamicprogrammingto solve somespecial
casesof this problem(Russellet al. 1993). Minton devel-
opedaninductivelearningsystemthatconfiguresconstraint-
satisfactionprograms,by selectingamongalternativesearch
strategies(Minton 1996).

Hansenand Zilbersteinstudiedtrade-offs betweenrun-
ningtimeandsolutionqualityin simpleany-timealgorithms,
anddesigneda dynamic-programmingtechniquefor decid-
ing when to terminatethe search(Hansenand Zilberstein
1996). MouaddibandZilbersteindevelopeda similar tech-
niquefor hierarchicalknowledge-basedalgorithms(Mouad-
dib andZilberstein1995).

We found that the previous resultsarenot applicableto
theproblemof selectingamongPRODIGY searchalgorithms
becausethe developedtechniquesrely on the analysisof a
sufficiently large sampleof pastperformancedata. When
we apply PRODIGY to a new domain,or usenew heuristics
or controlrules,weusuallyhave little or no prior data.Ac-
quiringmoredatais impractical,becauseexperimentationis
muchmoreexpensive thensolvinga givenproblem.

We thereforedevelopa novel selectiontechnique,which
makesthe bestuseof the available data,even when they
do not provide an accurateestimate. We combinethe ex-
ploitationof pastdatawith explorationof new alternatives,
which enablesus to collect additionalperformancedataas
thesystemsolvesgivenproblems.

We alsoconsiderthetaskof settinga time boundfor the
chosenproblem-solvingmethod. The previous resultsfor
decidingon thetimeof terminatingany-timealgorithmsare
not applicableto this taskbecauseour problemsolversdo
notuseany-timebehavior anddonotsatisfytheassumptions
usedin thepaststudies.Weprovideastatisticaltechniquefor
selectingtime bounds.We demonstratethatdeterminingan
appropriateboundis ascrucialfor efficientproblemsolving
aschoosingtheright method.

Our techniquesareaimedat selectinga methodandtime
boundbefore solvinga givenproblem.We donot providea
meansfor switchingamethodor revisingtheselectedbound
during thesearchfor a solution. Developingsucha means
is animportantopenproblem.

EventhoughtheselectionamongPRODIGY algorithmspro-
vided a motivation for our work, the developedtechnique
doesnot rely on specificpropertiesof the PRODIGY system.
The selectionalgorithm is applicableto choosingamong
multiple problem-solvingmethodsin any AI system. It is
equallyeffective for smallandlarge-scaledomains.These-
lectiontakeslittle computationandits runningtimeisusually
negligible comparedto theproblem-solvingtime.



We first formalize the statisticalproblemof estimating
the e� xpectedperformanceof a method,basedon the past
experience(Section2). Wederiveasolutionto thisproblem
(Section3) anduseit in selectinga methodandtime bound
(Section4). Wethendescribetheuseof aheuristicalmeasure
of problemcomplexity to improvetheperformanceestimate
(Section5). Notethatwedonotneedaperfectestimate;we
only needaccuracysufficientfor selectingtheright method
andfor settinga close-to-optimaltimebound.

We give empiricalresultson the useof our techniqueto
selectamongPRODIGY planningengines. We show that it
choosesanappropriateengineandtime bound.Thetimeof
makingaselectionis threeordersof magnitudesmallerthan
PRODIGY’splanningtime(Section6).

Thegeneralityof our statisticaltechniquemakesit appli-
cabletopracticalproblemsoutsideartificial intelligence.We
illustrateit by applyingthelearningalgorithmto decidehow
longoneshouldwait onthephone,beforehangingup,when
thereis noanswer.

2 Motivating Example
Supposethat we usePRODIGY to constructplansfor trans-
portingpackagesbetweendifferentlocationsin acity (Veloso
1994).We considertheuseof threeplanningmethods.The
first of themis basedon several control rules,designedby
Veloso(1994)andPérez(1995)toguidePRODIGY’ssearchin
thetransportationdomain.Thismethodappliestheselected
planningoperatorsas early as possible;we call it APPLY.
The secondmethodusesthe samecontrol rulesanda spe-
cial rulethatdelaystheoperatorapplicationandforcesmore
emphasison thebackwardsearch(VelosoandStone1995);
wecall it DELAY. ThedistinctionbetweenAPPLY andDELAY
is similar to thatbetweentheSAVTA andSABA planners,im-
plementedby VelosoandStone(1995). The third method,
ALPINE (Knoblock 1994), is a combinationof APPLY with
an abstractiongenerator, which determinesrelative impor-
tanceof elementsof aplanningdomain.ALPINE first ignores
the lessimportantelementsandbuilds a solutionoutline; it
thenrefinesthesolution,takingcareof theinitially ignored
details.

Experimentshavedemonstratedthatdelayingtheoperator
executionimprovesefficiency in somedomains,but slows
PRODIGY down in others(Stoneet al. 1994); abstraction
sometimesgivesdrastictimesavingsandsometimesworsens
theperformance(Knoblock1991;BacchusandYang1992).
The most reliable way to selectan efficient methodfor a
givendomainis by empiricalcomparison.

Theapplicationof amethodtoaproblemgivesoneof three
outcomes:it maysolve theproblem;it mayterminatewith
failure, afterexhaustingthe availablesearchspacewithout
finding a solution;or wemayinterruptit, if it reachessome
pre-settime boundwithout termination.In Table1, wegive
theresultsof solvingthirty transportationproblems,by each
of thethreemethods.We denotesuccessesby s, failuresby
f, andhitting the time boundby b. Note that our dataare
only for illustrating the selectionproblem,andnot for the
purposeof a generalcomparisonof theseplanners. Their
relativeperformancemaybeverydifferentin otherdomains.

# time(sec)andoutcome # of
APPLY DELAY ALPINE packs

1 1.6 s 1.6 s 1.6 s 1
2 2.1 s 2.1 s 2.0 s 1
3 2.4 s 5.8 s 4.4 s 2
4 5.6 s 6.2 s 7.6 s 2
5 3.2 s 13.4 s 5.0 s 3
6 54.3 s 13.8 f 81.4 s 3
7 4.0 s 31.2 f 6.3 s 4
8 200.0 b 31.6 f 200.0 b 4
9 7.2 s 200.0 b 8.8 s 8

10 200.0 b 200.0 b 200.0 b 8
11 2.8 s 2.8 s 2.8 s 2
12 3.8 s 3.8 s 3.0 s 2
13 4.4 s 76.8 s 3.2 s 4
14 200.0 b 200.0 b 6.4 s 4
15 2.8 s 2.8 s 2.8 s 2
16 4.4 s 68.4 s 4.6 s 4
17 6.0 s 200.0 b 6.2 s 6
18 7.6 s 200.0 b 7.8 s 8
19 11.6 s 200.0 b 11.0 s 12
20 200.0 b 200.0 b 200.0 b 16
21 3.2 s 2.9 s 4.2 s 2
22 6.4 s 3.2 s 7.8 s 4
23 27.0 s 4.4 s 42.2 s 16
24 200.0 b 6.0 s 200.0 b 8
25 4.8 s 11.8 f 3.2 s 3
26 200.0 b 63.4 f 6.6 f 6
27 6.4 s 29.1 f 5.4 f 4
28 9.6 s 69.4 f 7.8 f 6
29 200.0 b 200.0 b 10.2 f 8
30 6.0 s 19.1 s 5.4 f 4

Table1: Performanceof APPLY, DELAY, andALPINE onthirty
transportationproblems.

A glanceat the datarevealsthat APPLY’s performancein
this domainis probablybestamongthe three. We usesta-
tisticalanalysisto confirmthis intuitiveconclusion.Wealso
show how to choosea timeboundfor theselectedmethod.

We may evaluatethe performancealongseveral dimen-
sions,suchasthepercentageof solvedproblems,theaverage
successtime,andtheaveragetime in caseof a failureor in-
terrupt.To comparedifferentmethods,weneedto specifya
utility functionthattakesinto accountall thesedimensions.

We assumethatwehave to payfor runningtime andthat
wegetacertainreward

�
for solvingaproblem.If amethod

solvestheproblem,theoverallgainis � ���
time). In particu-

lar, if
���

time, thenthe“gain” is negativeandwearebetter
off nottrying to solvetheproblem.If themethodfailsor hits
thetime bound,the“gain” is � � time� . We needto estimate
theexpectedgainfor all candidatemethodsandtimebounds,
andselectthemethodandboundthatmaximizetheexpecta-
tion, whichgivesusthefollowing statisticalproblem.

Problem Supposethat a methodsolved	 problems,failed
on 
 problems,andwasinterrupted(uponhitting the time
bound)on � problems.Thesuccesstimeswere � 1  � 2 ������� ��� ,



thefailure timeswere � 1  � 2 ������� ��� , andtheinterrupt times
were���

1  � 2 ������� ��� . Givena reward
�

for solvinga new prob-
lemanda timebound� , estimatetheexpectedgain for this
reward and timebound,anddeterminethestandard devia-
tion of theestimate.

We usethe stationarityassumption(Valiant 1984): we as-
sumethatthepastproblemsandthenew problemaredrawn
randomlyfrom thesamepopulation,usingthesameproba-
bility distribution. Wealsoassumethatthemethod’sperfor-
mancedoesnot improveover time.

3 Statistical Foundations
We now derive a solution to the statisticalproblem. We
assume,for convenience,thatsuccess,failure,andinterrupt
timesaresortedin theincreasingorder;thatis, � 1 � ����� � � � ,� 1 � ����� � ��� , and � 1 � ����� � ��� . We first considerthecase
whenthetimebound� isnolargerthanthelowestof thepast
bounds,� � �

1. Let � bethenumberof successtimesthat
arenolargerthan � ; thatis, ��� � � � � �"! 1. Similarly, let #
bethenumberof failureswithin � ; thatis, �%$ � � � �%$&! 1.

Weestimatetheexpectedgainby averagingthegainsthat
would beobtainedin thepast,if we usedthereward

�
and

timebound� . Themethodwouldsolve � problems,earning
thegains

�'� � 1  �'� � 2 ������� �'� � � . It wouldterminatewith fail-
ure # times,resultingin thenegativegains

� � 1  � � 2 ������� � � $ .
In theremaining	)(*
+(*� � � � # cases,it wouldhit thetime
bound,eachtimeearning

� � . Theexpectedgainis equalto
themeanof all these	,(-
.(-� gains:/ �021

1 � �3� � 0 � � / $4 1
1 � 4 � �5	6(7
8(7� � � � #9�"�	-(3
:(7� �

(1)
Sincewehave computedthemeanfor arandomselection

of problems,it maybedifferentfromthemeanof theoverall
problempopulation.We estimatethestandarddeviation of
the expectedgain using the formula for the deviation of a
samplemean:;

Sqr
�

Sum2 < �=	-(3
:(7�>��=	-(?
@(3�A���=	-(3
@(?� �
1�  where (2)

SumB /�CDFE
1 G=H.I.J D2K I /�LM E

1 N M IOG=PRQOS3Q.TUIWVXIZY K\[ ,

Sqr B /�CDFE
1 G=H]IWJ D2K 2 Q /^LM E

1 N 2M Q_G=PUQ`S3QaTRI+VXIbY K\[ 2.

In Figure 1, we show the dependency of the expected
gainon the time boundfor our threemethods.We give the
dependency for threedifferentvaluesof thereward

�
, 10.0

(dash-and-dotlines), 30.0 (dashedlines), and100.0(solid
lines). Thedottedlinesshow thestandarddeviation for the
100.0reward: the lower line is “one deviation below” the
estimate,andtheupperline is “onedeviationabove.”

We now considerthecasewhen � is larger than c of the
pastinterrupttimes;that is, � d � � � � d ! 1. For example,
supposethat we interruptedALPINE on problem4 after 4.5
secondsandon problem7 after5.5 seconds,obtainingthe
datashown in Table2(a),andthat we needto estimatethe
gainfor �:e 6 � 0.
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Figure 1: Dependency of the expectedgain on the time
bound,for rewardsof 10.0(dash-and-dotlines),30.0(dashed
lines), and100.0(solid lines). The dottedlines show the
standarddeviationof thegainestimatefor the100.0reward.

# ALPINE’s
time

1 1.6 s
2 2.0 s
3 4.4 s
4 4.5 b
5 5.0 s
6 81.4 s
7 5.5 b
8 200.0 b
9 8.8 sf�f&f

29 10.2 f
30 5.4 f

(a)

g

weight time
1.000 1.6 s
1.000 2.0 s
1.000 4.4 s

– –
1.048 5.0 s
1.048 81.4 s
1.048 5.5 b
1.048 200.0 b
1.048 8.8 sf�f�f
1.048 10.2 f
1.048 5.4 f

(b)

g

weight time
1.000 1.6 s
1.000 2.0 s
1.000 4.4 s

– –
1.048 5.0 s
1.118 81.4 s

– –
1.118 200.0 b
1.118 8.8 sf�f�f
1.118 10.2 f
1.048 5.4 f

(c)

Table2: Distributing the chancesof interrupttimesamong
thelarger-time outcomes.

We cannotuse �
1  � 2 ������� � d directly in the gainestimate,

sincetheuseof the time bound � would causethemethod
to run beyondtheseold bounds.Instead,we “re-distribute”
thecorrespondingprobabilitiesamongtheotheroutcomes.

If we had not interruptedthe methodat �
1 in the past,

it would have succeededor failed at somelarger time, or
hit a larger time bound. We may estimatethe expected
outcomeusingthedataonthepastproblem-solvingepisodes
in whichthemethodranbeyond �

1. Wethusremove �
1 from

the sampleanddistributeits chanceto occuramongall the
higher-time outcomes.In the exampleof Table2(a), � 1 is
4.5 andthereare21 problemswith larger times. We thus
remove 4.5 from the sampledataandincreasethe weights
of the larger-time outcomesfrom 1 to 1 ( 1

21 e 1 � 048(see
Table2b).

We next distribute the weight of �
2 amongthe larger-

than-� 2 times. In our example, � 2 is 5.5 and thereare15
problemswith largertimes.Wedistribute � 2’sweight,1.048,
amongthese15 problems,thus increasingtheir weight to
1 � 048 ( 1 h 048

15 e 1 � 118(Table2c). Werepeatthisprocessfor



�
3 i������ � d .

W
j

edenotetheresultingweightsof � 1 i������ � � by k 1 ������� k � ,
andtheweightsof � 1 i������ � $ by l 1 i������ l $ . All success,failure,
and interrupt times larger than � have the sameweight,
whichwedenoteby m . Wehavethusobtained�5	n(*
+(*� � c��
weightedtimes.Weusethemto computetheexpectedgain:/�CDFE

1 o D G=HOI�J D2K I /�LM E
1 p M N M I.G=PqQ.SrQ+TqIbVXI+Y�I+s K\tu[
PqQ.S3QaT v(3)

Similarly, we usethe weights in estimatingthe standard
deviationof theexpectedgain:;

Sqr
�

Sum2 < �=	-(3
:(7�>��=	-(7
:(3�A���=	-(3
@(?� � c �
1�  where (4)

SumB /rCDFE
1 o D G=H-I*J D K I /rLM E

1 p M N M IwG=P%QXSRQ)T%IxVyIxYiIxs K\tu[
,

Sqr B /�CDFE
1 o D G=H-I*J D K 2 Q /rLM E

1 p M N 2M Q6G=P%QXSRQ)T%IxVyIxYiIxs K\tu[
2.

Theapplicationof theseformulasto thedatain Table2(a),
for ALPINE with reward30.0andtime bound6.0, givesthe
expectedgainof 6.1andthestandarddeviationof 3.0.

Wehaveassumedin thederivationthattheexecutioncost
is proportionalto therunningtime. We mayreadilyextend
theresultsto any othermonotonedependency betweentime
andcost,by replacingtheterms � �3� � 0 � , � � � 0 � , and � � �*�
with morecomplex functions.

Notethatwe do not usepastrewardsin thestatisticales-
timate. The reward

�
may differ from the rewardsearned

on thesampleproblems.We mayextendour resultsto situ-
ationswhentherewardis a functionof thesolutionquality,
ratherthanaconstant,but it worksonly if thisfunctiondoes
not changefrom problemto problem.We replacetheterms� �z� � 0 � by � � 0 � � 0 � , where

� 0
is therewardfor thecor-

respondingproblem.Theresultingexpressioncombinesthe
estimateof theexpectedrewardandexpectedrunningtime.

In the full paper(Fink 1997), we describean efficient
algorithmthatcomputesthegainestimatesandestimatede-
viations,for multiplevaluesof thetimebound� . Thealgo-
rithmdeterminesweightsandfindsgainestimatesin onepass
throughthesortedlist of success,failure,andinterrupttimes,
andtime-boundvalues.For { timeboundsandasampleof|

problems,thetime complexity is }6�={~( | � . Thecom-
plexity of pre-sortingthelists is }6�"�5{�( | � log �={�( | �y� ,
but in practiceit takesmuch lesstime thanthe restof the
computation. We implementedthe algorithm in Common
Lisp and testedit on Sun 5. Its running time is about�={~( | �X� 3 � 10� 4 seconds.

4 Selectionof a Method and Time Bound
We describethe use of the statisticalestimateto choose
amongproblem-solvingmethodsand to determineappro-
priate time bounds. We provide heuristicsfor combining
theexploitationof pastexperiencewith explorationof new
alternatives.

Thebasictechniqueis to estimatethe gain for a number
of time bounds,for eachavailable method,and selectthe
methodandtimeboundwith themaximalgain.Forexample,
if the reward in the transportationdomainis 30.0, thenthe

best choice is APPLY with time bound 11.6, which gives
the expectedgain of 14.0. This choicecorrespondsto the
maximumof the dashedlines in Figure1. If the expected
gainfor all timeboundsis negative,thenwearebetteroff not
solvingtheproblematall. For example,if theonly available
methodisDELAY andtherewardis10.0(seethedash-and-dot
line in Figure1), weshouldskip theproblem.

For eachmethod,we useits pastsuccesstimesascandi-
datetime bounds. We computethe expectedgainonly for
thesebounds.If wecomputedthegainfor someothertime
bound � , we would get a smallergain thanfor the closest
lower successtime � 0 (where � 0 � � � � 0 ! 1), becauseex-
tendingthetimeboundfrom � 0 to � wouldnot increasethe
numberof successeson thepastproblems.

We now describea techniquefor incrementallearningof
the performanceof availablemethods.We assumethat we
begin with no pastexperienceandaccumulateperformance
dataaswesolvemoreproblems.For eachnew problem,we
usethestatisticalanalysistoselectamethodandtimebound.
After applyingtheselectedmethod,weaddtheresultto the
performancedata.

We needto choosea methodandtime boundevenwhen
we have no pastexperience. Also, we sometimesneedto
deviate from the maximal-expectationselectionin orderto
explorenew opportunities. If we alwaysusedtheselection
that maximizesthe expectedgain,we would bestuckwith
themethodthatyieldedthefirst success,andwewouldnever
seta timeboundhigherthanthefirst successtime.

Wehavenotconstructedastatisticalmodelfor combining
explorationandexploitation. Instead,we provide a heuris-
tical solution,which hasproved to work well for selecting
amongPRODIGY planners.We first considertheselectionof
atimeboundfor afixedmethod,andthenshow how toselect
a method.

If we have no previousdataon a method’s performance,
we set the time boundequal to the reward. Now sup-
posethatwe have accumulatedsomedataon the method’s
performance,which enableus to determinetheboundwith
the maximalexpectedgain. To encourageexploration,we
selectthe largestboundwhoseexpectedgain is “not much
different” from themaximum.

Let us denotethemaximalexpectedgainby � max andits
standarddeviation by � max. Supposethat theexpectedgain
for someboundis � andits deviation is � . Theexpecteddif-
ferencebetweenthegain � andthemaximalgainis � max

� � .
If ourestimatesarenormallydistributed,thestandarddevia-
tion of theexpecteddifferenceis � � 2

max (3� 2. Thisestimate
of thedeviationis anapproximation,becausethedistribution
for smallsamplesmaybeStudent’sratherthannormal,and
because� maxand� arenotindependent,asthey arecomputed
from thesamedata.

We saythat � is “not muchdifferent” from the maximal
gain if the ratio of the expecteddifferenceto its deviation
is boundedby someconstant. We set this constantto 0.1,
which tendsto give goodresults: � max � �� �

2
max

! � 2

�
0 � 1 � We thus

selectthelargesttimeboundwhosegainestimate� satisfies
this condition.

Wepresenttheresultsof thisselectionstrategy in Figure2.



Weraneachof thethreemethodsonthethirty transportation
problems� from Table1, in order. Thehorizontalaxesshow
the problem’s number(from 1 to 30), whereasthe vertical
axesaretherunningtime. Thedottedlinesshow theselected
timebounds,whereasthedashedlinesmarkthetimebounds
thatgive themaximalgainestimates.Thesolid linesshow
therunningtime; they touchthedottedlineswherethemeth-
odshit the time bound. The successfullysolved problems
aremarkedby circlesandthefailuresareshown by pluses.

APPLY’s total gain is 360.3,which makesan averageof
12.0perproblem.If weusedthemaximal-gaintime bound,
11.6,for all problems,thegainwould be14.0perproblem.
Thus,theuseof incrementallearningyieldedanear-maximal
gain, in spiteof the initial ignorance. APPLY’s estimateof
the maximal-gainbound,after solvingall problems,is 9.6.
It differsfrom the11.6bound,foundfrom Table1, because
theuseof boundsthatensurea near-maximalgainprevents
sufficientexploration.

DELAY’stotalgainis 115.7,or 3.9perproblem.If weused
thedatain Table1 to find theoptimalbound,which is 6.2,
andsolvedall problemswith this bound,wewouldearn5.7
per problem. Thus,the incremental-learninggain is about
two-thirdsof the gain that could be obtainedbasedon the
advanceknowledge.Finally, ALPINE’s totalgainis 339.7,or
11.3perproblem. Theestimatebasedon Table1 givesthe
bound11.0,whichwouldresultin earning12.3perproblem.
Unlike APPLY, bothDELAY andALPINE eventuallyfoundthe
optimalbound.

Notethatthechoiceof a timeboundhasconvergedto the
optimal in two out of threeexperiments. Additional tests
haveshown thattheinsufficientexplorationpreventsfinding
the optimal boundin abouthalf of all cases(Fink 1997).
We tried to encouragemore exploration by increasingthe
boundon � max � �� �

2
max

! � 2
from0.1to0.2. Theselectedboundthen

convergesto the optimal moreoften; however, the overall
performanceworsensdueto larger time losseson unsolved
problems.

Wenext describetheuseof incrementallearningto select
aproblem-solvingmethod.If wehavenopastdatafor some
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Figure2: Resultsof theincrementallearningof atimebound:
runningtimes(solid lines), time bounds(dottedlines),and
maximal-gainbounds(dashedlines). The successesare
markedby circles(o) andthefailuresby pluses(+).
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Figure3: Resultsof the incrementalselectionof a method
and time bound, on ninety transportationproblems. The
graphshows the running times (solid line), successes(o),
andfailures(+). Thethreerows of symbolsbelow thesolid
line show theselectionmadeamongAPPLY (o), DELAY (x),
andALPINE ( � ).
method,we selectthis unknown method,thusencouraging
exploration.

If we have pastdata for all methods,we first selecta
time boundfor eachmethod. Then, for eachmethodand
its selectedbound,we find theprobabilitythat it is thebest
amongthemethods.We usethestatistical� -testto estimate
theprobabilitythatsomemethodis betterthananotherone.
We computethe probability that a methodis best as the
productof the probabilitiesthat it outperformsindividual
methods.This computationis an approximation,sincethe
probabilitiesthatwemultiply arenot independent.

Finally, wemakea weightedrandomselectionamongthe
methods;the chanceof selectinga methodis equalto the
probabilitythat it is bestamongthemethods.This strategy
leadsto the frequentapplicationof methodsthat perform
well, but alsoencouragessomeexploratoryuseof poorper-
formers.

We show theresultsof usingthis selectionstrategy in the
transportationdomain,for the reward of 30.0, in Figure3.
In this experiment,we first use the thirty problemsfrom
Table 1 and then sixty additionaltransportationproblems.
The horizontalaxis shows the problem’s number, whereas
the vertical axis is the runningtime. The rows of symbols
below thecurve show theselectionof aplanner:a circle for
APPLY, a crossfor DELAY, andanasteriskfor ALPINE.

Thetotalgainis 998.3,or 11.1perproblem.Theselection
converges to the useof APPLY with the time bound12.7,
which is optimalfor this setof ninetyproblems.If we used
this selectionon all the problems,we would earn13.3per
problem.

5 Useof ProblemSizes
We have consideredthe taskof finding a problem-solving
methodandtimeboundthatwill workwell for mostproblems
in a domain. If we canestimatethe sizesof problems,we
improve the performanceby adjustingthe time boundto a
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Figure4: Thedependency of thesuccesstimeontheproblem
size. The top graphsshow the regressionfor a polynomial
dependency, and the bottomgraphsarefor an exponential
dependency.

problemsize.
Wedefineaproblemsizeasaneasilycomputablepositive

valuethatcorrelateswith theproblemcomplexity: thelarger
the value,the longer it usually takesto solve the problem.
Findinganaccuratemeasureof complexity isoftenadifficult
task,but many domainsprovide at leasta roughcomplex-
ity estimate.In the transportationdomain,we estimatethe
complexity by the numberof packagesto be delivered. In
the rightmostcolumnof Table1, we show the numberof
packagesin eachproblem.

We use regressionto find the dependency betweenthe
sizesof the sampleproblemsandthe times to solve them.
Weuseseparateregressionsfor successtimesandfor failure
times. We assumethat the dependency of time on size is
eitherpolynomial or exponential. If it is polynomial, the
logarithmof time dependslinearlyon thelogarithmof size;
for anexponentialdependency, the time logarithmdepends
linearly on size. We thususelinear least-squareregression
to find bothpolynomialandexponentialdependencies.

In Figure4, we give theresultsof regressingthesuccess
timesfor thetransportationproblemsfrom Table1. Thetop
threegraphsshow thepolynomialdependency of thesuccess
timeontheproblemsize,whereasthebottomgraphsarefor
the exponentialdependency. The horizontalaxesshow the
problemsizes(that is, the numberof packages),and the
verticalaxesaretherunningtime. Thecirclesshow thesizes
andtimesof the probleminstances;the solid lines arethe
regressionresults.

Weevaluatetheregressionusingthe � -test.The � valueis
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Figure5: Scalingtwosuccesstimes(o)andafailuretime(+)
of DELAY to a 3-packageproblem.

theratio of theestimatedslopeof theregressionline to the
standarddeviationof theslopeestimate.The � -testconverts
the � valueinto the probability that usingthe regressionis
nobetterthanignoringthesizesandsimplytakingthemean
time; this probability is calledthe � value. Whenthe re-
gressiongivesa goodfit to sampledata,� is largeand � is
small. In Figure4,wegivethe � valuesandthecorresponding
intervalsof the � value.

We usetheregressiononly if theprobability � is smaller
thana certainbound.In ourexperiments,wesetthis bound
to 0.2; that is, we useproblemsizesonly for � �

0 � 2. We
usethe0.2valueratherthanmore“customary”0.05or 0.02
becausean early detectionof a dependency betweensizes
andtimesis moreimportantfor the overall efficiency than
establishinga high certaintyof the dependency. We select
betweenthepolynomialandexponentialregressionbasedon
thevalueof � : weprefertheregressionwith thelarger � . In
our example, the polynomial regressionwins for all three
methods.

Note that least-squareregressionand the related � -test
makequitestrongassumptionsaboutthenatureof the dis-
tribution. First, for problemsof fixedsize,the distribution
of thetime logarithmsmustbenormal;thatis, timemustbe
distributedlog-normally. Second,for all problemsizes,the
standarddeviationof thedistributionmustbethesame.The
regression,however, usuallyprovidesagoodapproximation
of the dependency betweensizeandtime even whenthese
assumptionsarenotsatisfied.

Theuseof a problemsizein estimatingthegainis based
on “scaling” thetimesof sampleproblemsto thegivensize.
We illustrate the useof regressionin Figure 5, wherewe
scaleDELAY’s timesof a 1-packagesuccess,an 8-package
success,and an 8-packagefailure for estimatingthe gain
on a 3-packageproblem(the 3-packagesize is markedby
the vertical dottedline). We usethe slopeof the success
regressionin scaling successtimes, and the slope of the
failure regressionin scalingfailures.

Theslopeof scalinganinterruptshoulddependonwhether
thealgorithmwouldsucceedor fail if wedid not interruptit;
however, wedo not know which outcomewould occur. We
usea simpleheuristicof choosingbetweenthesuccessand
failureslopebasedonwhichof themhassmaller � .

Forasampleof
|

problems,theoveralltimeof computing
the polynomialandexponentialregressionslope,selecting
betweenthe two regressions,andscalingthe sampletimes
is

| � 9 � 10� 4 seconds.For the incrementallearningof a



10 100
−20

0

20

40

60

80

1 PACKAGE

TIME BOUND

E
X

P
E

C
T

E
D

 G
A

IN
S

10 100
−20

0

20

40

60

80

3 PACKAGES

TIME BOUND
10 100

−20

0

20

40

60

80

10 PACKAGES

TIME BOUND

Figure6: Dependency of APPLY’s expectedgainon thetime
bound,for rewardsof 10.0(dash-and-dotlines),30.0(dashed
lines), and 100.0(solid lines). The dottedlines show the
standarddeviationof thegainestimatefor the100.0reward.

timebound,weimplementedaprocedurethatincrementally
updatestheslopeand � valueafteraddinga new problemto
the sample. This procedurereducesthe amortizedtime of
thestatisticalcomputationto � | � 2 ( 7�)� 10� 4 secondsper
problem.

After scalingthesampletimesto a givensize,weusethe
techniqueof Section3 to computethegainestimateandits
standarddeviation. Theonlydifferenceis thatwereducethe
secondtermin thedenominatorfor thedeviation(Formula4)
by2,asthesuccessandfailureregressionsreducethenumber
of degreesof freedomof thesample.Thus,wecomputethe

deviationasfollows: � ���"�\��� � � �i� � 2 � � � ! � ! ���� � ! � ! �%�5� � � ! � ! � � d � 3
� �

In Figure 6, we show the dependency of the expected
gainon thetime boundwhenusingAPPLY on 1-package,3-
package,and10-packageproblems.If we usetheproblem
sizesin theincremental-selectionexperimentsof Section3,
we gain 12.2 per problemin learninga boundfor APPLY
(vs. the12.0gainobtainedwithout theuseof sizes),4.7 in
learningfor DELAY (vs. 3.9 without the useof sizes),11.9
in learningfor ALPINE (vs. 11.3),and11.8 in the method-
selectionexperiment(vs. 11.1). The averagerunningtime
of regressionandscalingis 0.03secondsperproblem.Thus,
thetimeof thestatisticalcomputationforusingproblemsizes
is muchsmallerthantheresultinggainincrease.

Theresultsshow that the useof problemsizesincreases
thegain,thoughnotby much.Wehaveconductedadditional
experimentswith artificially generateddata(Fink 1997)and
demonstratedthat, if running times better correlatewith
problemsizes,thegainincreasebecomesmoresignificant.

6 Empirical Examples
We have demonstratedtheeffectivenessof thestatisticalse-
lection in a simple transportationdomain. We now give
resultsin two otherdomains.

We first consideran extensionto the transportationdo-
main,in which we useairplanesto carrypackagesbetween
cities andvansfor the local delivery within cities (Veloso
1994). In Table3, we give the performanceof APPLY, DE-

# time(sec)andoutcome # of
APPLY DELAY ALPINE packs

1 4.7 s 4.7 s 4.7 s 1
2 96.0 s 9.6 f 7.6 f 2
3 5.2 s 5.1 s 5.2 s 1
4 20.8 s 10.6 f 14.1 s 2
5 154.3 s 31.4 s 7.5 f 2
6 2.5 s 2.5 s 2.5 s 1
7 4.0 s 2.9 s 3.0 s 1
8 18.0 s 19.8 s 4.2 s 2
9 19.5 s 26.8 s 4.8 s 2

10 123.8 s 500.0 b 85.9 s 3
11 238.9 s 96.8 s 76.6 s 3
12 500.0 b 500.0 b 7.6 f 4
13 345.9 s 500.0 b 58.4 s 4
14 458.9 s 98.4 s 114.4 s 8
15 500.0 b 500.0 b 115.6 s 8
16 35.1 s 21.1 s 6.6 f 2
17 60.5 s 75.0 f 13.7 s 2
18 3.5 s 3.4 s 3.5 s 1
19 4.0 s 3.8 s 4.0 s 1
20 232.1 s 97.0 s 9.5 f 2
21 60.1 s 73.9 s 14.6 s 2
22 500.0 b 500.0 b 12.7 f 2
23 53.1 s 74.8 s 15.6 s 2
24 500.0 b 500.0 b 38.0 s 4
25 500.0 b 213.5 s 99.2 s 4
26 327.6 s 179.0 s 121.4 s 6
27 97.0 s 54.9 s 12.8 s 6
28 500.0 b 500.0 b 16.4 f 8
29 500.0 b 500.0 b 430.8 s 16
30 500.0 b 398.7 s 214.8 s 8

Table3: Performancein theextendedtransportationdomain.

LAY, andALPINE onthirty problems.
We presentthe resultsof the incrementallearningof a

timeboundfor APPLY, DELAY, andALPINE, for therewardof
400.0,in thetop threegraphsof Figure7 (the legendis the
sameasin Figure2). We obtainedtheseresultswithout the
useof problemsizes.TheAPPLY learninggivesthegainof
110.1per problemandeventuallyselectsthe bound127.5.
Theoptimalboundfor thissetof problemsis97.0. If weused
theoptimalboundfor all problems,wewouldearn135.4per
problem.If weestimatetheproblemsizesby thenumberof
packagesto bedelivered,andusethesesizesin learningthe
timeboundfor APPLY, wegain121.6perproblem.

DELAY gains131.1per problemand choosesthe 105.3
boundat theendof the learning.Theactualoptimalbound
for DELAY is 98.4, theuseof which on all problemswould
give 153.5perproblem. Theuseof theproblemsizein the
incrementallearninggives137.4perproblem.

Finally, ALPINE gains243.5perproblemandchoosesthe
bound127.6.Theoptimalboundfor ALPINE is 430.8,theuse
of whichwouldgivetheper-problemgainof 255.8.Theuse
of problemsizesgivesthe248.3per-problemgain. (ALPINE
outperformsAPPLY andDELAY becauseit usesabstraction,
which separatestheproblemof between-cityair transporta-
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Figure 7: Incrementallearningof time bounds(top three
graphs)and selectionof a method(bottom graph) in the
extendedtransportationdomain.

tion from theproblemof within-city deliveries.)
Thebottomgraphin Figure7 showstheresultsof thein-

crementalselectionof a method,withouttheuseof problem
sizes(weusethesamelegendasin Figure3). Wefirstusethe
thirty problemsfrom Table3 andthensixty otherproblems.
Themethodconvergesto thechoiceof ALPINE with thetime
bound300.6andgivesthe gainof 207.0perproblem. The
optimalchoicefor this setof problemsis theuseof ALPINE
with the time bound517.1, which would yield 255.6 per
problem.An incremental-selectionexperimentwith theuse
of problemsizesgivesthe229.4per-problemgain.

Wenext applyour techniqueto theboundselectionwhen
callingtoafriendonthephone.Wedeterminehow many sec-
onds(or rings)youshouldwait for ananswerbeforehanging
up. Therewardfor reachingyour partymaybedetermined
by the time that you are willing to wait in order to talk
now, asopposedto hangingupandcalling later. In Table4,
we give the timesfor sixty calls,roundedto 0.05seconds1.
A successoccurredwhen our party answeredthe phone.
A replyby anansweringmachinewasconsidereda failure.

Thegraphon the left of Figure8 shows the dependency
of the expectedgainon the time bound,for the rewardsof

1We madethesecalls to sixty different peopleat their home
numbers;wemeasuredthetimefrom thebeginningof thefirst ring,
skippingthestaticsilenceof theconnectiondelays.

# time # time # time
1 5.80 f 21 200.00 b 41 12.60 s
2 8.25 s 22 200.00 b 42 26.15 f
3 200.00 b 23 10.50 s 43 7.20 s
4 5.15 s 24 14.45 f 44 16.20 f
5 8.30 s 25 11.30 f 45 8.90 s
6 200.00 b 26 10.20 f 46 4.25 s
7 9.15 s 27 4.15 s 47 7.30 s
8 6.10 f 28 14.70 s 48 10.95 s
9 14.15 f 29 2.50 s 49 10.05 s

10 200.00 b 30 8.70 s 50 6.50 s
11 9.75 s 31 6.45 s 51 15.10 f
12 3.90 s 32 6.80 s 52 25.45 s
13 11.45 f 33 8.10 s 53 20.00 f
14 3.70 s 34 13.40 s 54 24.20 f
15 7.25 s 35 5.40 s 55 20.15 f
16 4.10 s 36 2.20 s 56 10.90 s
17 8.25 s 37 26.70 f 57 23.25 f
18 5.40 s 38 6.20 s 58 4.40 s
19 4.50 s 39 24.45 f 59 3.20 f
20 32.85 f 40 29.30 f 60 200.00 b

Table4: Waitingtimes(seconds)in phone-callexperiments.

30.0(dash-and-dotline), 90.0(dashedline),and300.0(solid
line). The optimalboundfor the 30.0and90.0 rewardsis
14.7 (threerings), whereasthe optimal boundfor 300.0is
25.5(five rings).

The graphon the right of Figure8 shows the resultsof
selectingthe boundsincrementally, for the rewardof 90.0.
The learnedboundconverges to the optimal bound,14.7.
The averagegain obtainedduring the learningis 38.9 per
call. If we usedthe optimalboundfor all calls, we would
earn41.0percall.

The experimentsin the two PRODIGY domainsand the
phone-calldomainshow thatthelearningprocedureusually
findsanappropriateboundandyieldsa near-maximalgain.
In the full paper(Fink 1997),we presenta seriesof experi-
mentswith artificially generatedtime values,usingnormal,
uniform, log-normal, and log-uniform distributions. The
learninggivesgoodresultsfor all four distributions.

7 Conclusionsand OpenProblems
Wehave statedthetaskof selectingamongproblem-solving
methodsasastatisticalproblem,derivedanapproximateso-
lution, anddemonstratedexperimentallyits effectivenessin
selectinganappropriatemethodandtime bound.In thefull
paper(Fink 1997),we describetheuseof similarity among
problemsto improve theaccuracy of methodselection.We
have designeda modulethatusessimilarity to chooserele-
vantdatafrom thelibrary of pastproblem-solvingepisodes,
which enablestheselectionalgorithmto adjustthemethod
andboundselectionto specificfeaturesof a givenproblem.

EventhoughAI planningprovidedthemotivationfor our
work, thegeneralityof thestatisticalmodelmakesit appli-
cableto a wide rangeof real-life situationsoutsideAI. The
main limitation of applicability stemsfrom the restrictions
on the reward function. We plan to test the effectiveness
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Figure8: Dependency of theexpectedgainonthetimebound
in thephone-calldomain,for therewardsof 30.0(dash-and-
dot line), 90.0(dashedline), and300.0(solid line), andthe
resultsof theincrementallearningof a time bound.

of thestatistical-selectionalgorithmin otherAI systems,as
well asonmethod-selectiontasksoutsideAI.

To makethe modelmoreflexible, we needto provide a
mechanismfor switchingthe methodandrevising the time
boundin theprocessof searchfor asolution.Wealsoplanto
studythepossibilityof runningcompetingproblem-solving
methodson parallelmachines,which will requirea further
extensionto the statisticalmodel. Another openproblem
is to considerpossibledependenciesof the reward on the
solutionquality andenhancethemodelto accountfor such
dependencies.Finally, we needto allow interleaving of
severalpromisingmethods,andselectingnew methodsif the
original selectionhasfailed. Sucha multi-methodstrategy
is oftenmoreeffective thanstickingto onemethod.
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